Introduction
The half-linear Euler differential equation
is one of a few half-linear second order differential equations which can be solved explicitly. Similarly to the linear case p = 2, if we look for a solution of (1) in the form x(t) = t λ substituting into (1), we find that λ has to be a solution of the algebraic equation (p − 1)Φ(λ)(λ − 1) + γ = 0, see also [5] . The function F (λ) := (p − 1)Φ(λ)(λ − 1) has a global minimum at λ * = p−1 p and the value of this minimum is F (λ * ) = −γ p := − p−1 p p . Consequently, the equation F (λ) + γ = 0 has two real roots if γ < γ p , one double real root if γ = γ p , and no real root if γ > γ p .
Equation (1) is a particular case of the general half-linear second order differential equation
where r, c are continuous functions and r(t) > 0. It is known that oscillation theory of (2) is almost the same as this theory for the second order Sturm--Liouville linear differential equation
which is a special case p = 2 in (2). In particular, all solutions of (2) are either oscillatory or nonoscillatory, see [3] . This means, in particular, that (1) The Kneser test does not apply when lim t→∞ t p c(t) = γ p and this situation is the principal concern of our paper.
Auxiliary results
In a general framework, we suppose that equation (2) is nonoscillatory and we study oscillatory properties of its perturbation
We suppose that the perturbation termsr,c are continuous functions such that r(t) +r(t) > 0 for large t. Let x be a solution of (2) such that x(t) = 0, then w = rΦ
is a solution of the Riccati type differential equation
In our research, an important role plays the concept of conditionally oscillatory half-linear equation. Following [3] , equation (2) with λc(t) instead of c(t) is said to be conditionally oscillatory if there exists a constant λ 0 such that this equation is oscillatory for λ > λ 0 and nonoscillatory for λ < λ 0 . The constant λ 0 is called the oscillation constant of (2). A typical example of a conditionally oscillatory equation is just Euler equation (1) and its oscillation constant is λ 0 = γ p . Here we will deal with conditionally oscillatory half-linear equations in a more general sense. We will consider the equation of the form
and we say that (5) is conditionally oscillatory if there exist constants α, β, ω ∈ R, α = 0, β = 0, such that (5) is oscillatory for αλ + βµ > ω and nonoscillatory for αλ + βµ < ω. A typical example of conditionally oscillatory equation with two parameters is perturbed Euler equation (1) with the critical coefficient γ p
It is proved in [2] that (6) is oscillatory if µ − λγ p > µ p := nonoscillatory if µ − λγ p < µ p . It was conjectured in [2] that (6) is nonoscillatory also in the limiting case
In our paper we prove that this conjecture is true. We also discuss some general aspects of the problem. Next we derive the modified Riccati equation in a more general setting than in [2] . Let h(t) = 0 be a positive differentiable function, denote
and let
Define the function
where Φ −1 (x) = |x| q−2 x is the inverse function of Φ, and put
where w is a solution of the Riccati equation associated with (4)
. Then z is a solution of the equation
where
Indeed, by a direct computation we have
Note that in contrast to [2] we do not suppose that h is a solution of (2) , so the extra term
appears in the definition of the function C in (11). We will also need the following statement which is a slight modification of [2, Theorem 3] (here we do not require that the function h is a solution of (2)). So we omit its proof since it is the same as that of [2, Theorem 3] and it based on the fact that solvability of (10) implies nonoscillation of (4).
Ì ÓÖ Ñ 1º Let h be a positive differentiable function such that h ′ (t) = 0 for large t. Denote
and suppose that
where C is given by (11), and
and lim inf
then equation (4) is nonoscillatory.
Equation (6) in the limiting case
Now we can prove the main result of our paper.
Ì ÓÖ Ñ 2º Suppose that (7) holds. Then the perturbed Euler equation with the critical coefficients (6) is nonoscillatory. P r o o f. We rewrite (6) into the form
and we use the previous computation with
We have
HALF-LINEAR EULER EQUATION
Hence, in the limiting case (7) it holds
Consequently, (6) with λ and µ satisfying (7) is nonoscillatory.
